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Abstract 


Towards confirming Sun’s conjecture on the strict log-concavity of combinato¬ 
rial sequence involving the nth Bernoulli number, Chen, Guo and Wang proposed 
a conjecture about the log-concavity of the function 6{x) = \j2C,(x)T(x + 1 ) for 
x € (6,oo), where C( x ) U the Riemann zeta function and T(x) is the Gamma 
function. In this paper, we first prove this conjecture along the spirit of Zhu’s 
previous work. Second, we extend Chen et al.’s conjecture in the sense of almost 
infinite log-monotonicity of combinatorial sequences, which was also introduced 
by Chen et al. Furthermore, by using an analogue criterion to the one of Chen, 
Guo and Wang, we deduce the almost infinite log-monotonicity of the sequences 
— . 1 Tn and r .L , where Bin and T n are the 2nth Bernoulli number and the 

I 

nth tangent number, respectively. These results can be seen as extensions of some 
solved conjectures of Sun. 
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1 Introduction 


The motivation of this article is to give a complete proof for a conjecture on the log- 
concavity of a special function involving the Riemann zeta function and the Gamma 
function, which was proposed by Chen, Guo and Wang ||j, and was almost proved by 
Zhu [12] before. 

In number theory, Firoozbakht’s conjecture [7] pp.185] states that ^pn > n hyp n +i for 
all n € A7, where p n denotes the nth prime. Motivated by Firoozbakht’s conjecture, Sun 
[8] posed a series of conjectures on the strict log-concavity of sequences in combinatorics 
and number theory. Recall that for a sequence {a n } n >i, the sequence is called log- 
concave (resp. log-convex ) if a 2 +1 > a n a n+2 (resp. a 2 +1 < a n a n+2 ) f° r all natural 
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number n — 1,2,.and is called strictly log-concave (resp. strictly log-convex ) if the 
corresponding inequality is strict. Sun’s conjectures stimulated a large number of further 
works on this topic, see [3J 0] j5| ]6J El OUT] El 12] . 

The Bernoulli numbers B 0l Bi, B 2 ,... are given by 


B 0 = 



0 for n e Z + . 


It is well known that B^ = 0 for odd k and 


x 


e x - 1 


E 

B n —, where Ixl < 27T, 
n\ 


n =0 


see [21 pp.12]. 

The tangent numbers 


{T{n)} n > 0 = {1,2,16,272,7936,...}, 


are defined by 


tanx = 


n> 1 


1 

(2n — 1)! 


and closely related to the Bernoulli numbers, e.g., 

(4 n - 1)4” 


T(n) = |B : 


2n | 


2n 


and 


= A?/\B^\y^l 



In particular, Sun [8] proposed the following conjecture on some properties of Bernoulli 
numbers. 


Conjecture 1.1 (Sun |8l Conjecture 2.15]) 

increasing, (ii) The sequence 


V {/\B2n+2\ 




n> 2 


(i) The sequence { \/|-E> 2 n|}n>i is strictly 
is strictly decreasing. 


Notice that Conjecture 11.11 (ii) states that { \/|i? 2 n|}n >2 is strictly log-concave, and 
it is stronger than Conjecture 11.11 (i). Luca and Stanica [6j proved that { \/|-E> 2 n|}n >2 
is log-concave. Chen, Guo and Wang [4] confirmed Conjecture 11.11 (i) by an analytical 
method. Towards confirming Conjecture [ITT] (ii), Chen, Guo and Wang [4] introduced the 
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function 9(x) = y/2£(x)T(x + 1), where C(x) = is the Riemann zeta function 

and T(x) is the Gamma function, and conjectured the function is log-concave on (6, oo). 
As revealed by Chen et al. [1], from the well known formula £(2n) = 2 —|R 2 n|, one 

can see that \/\B 2n 1 = -^9 2 (2>a In view of this relationship, Chen et al. [4] pointed 
out that the confirmation of this conjecture results in a positive answer to Conjecture 
11.11 (ii) of Sun. 


Conjecture 1.2 (Chen, Guo and Wang j4]) The function 0(x) = f/2C,(x)T{x + 1) 
is log-concave when x G (6, oo). 


A function / is said to be strictly completely monotonic on an interval / if / has 
derivatives of all orders on / and (—1 ) n f^ n \x) > 0 for x € / and all integers n > 
0. Zhu [T2] creatively applied Alzer’s result [I], which is concerning strict completely 
monotonicity of inequality involving Gamma function, to obtain the first improvement 
on this conjecture. He proved Conjecture 11.21 holds on (7.1, oo). In fact, Zhu used a 
general inequality for the Gamma functional Lemma 3.1] which enable him to get a 
general result(pT21, Theorem 4.6]). 

By using more precise estimates (including Lemma 12.31 and the famous inequality 
involving the Gamma function), we confirm Chen et al.’s conjecture. Further, to know 
more information about log-behavior of the sequence { \Z|H 2n |} n >i, we extend Chen et 
al.’s conjecture. Recall that in [4], Chen, Guo and Wang introduced the concept of 
infinite log-monotonicity of combinatorial sequences as follows: Define an operator R 
on a sequence {z n } n > 0 by R{z n } n > 0 = {x n } n > 0 , where x n = z n+l /z n . The sequence 
{z n }n >o is said to be infinitely log-monotonic if the sequence R r {z n } n >o = {x n }n>o is 
log-concave for all odd natural number r and is log-convex for all even natural number 
r. A sequence {a n } n > 0 is called almost infinitely log-monotonic if for k > 0, {a n } n > 0 
is log-monotonic of order k except for certain terms at the beginning. Chen et al. [3] 
also revealed the relationship between logarithmically completely monotonic function 
and infinite log-monotonicity of combinatorial sequences. 


In this article, we try to extend Chen et al.’s conjecture. To prove our main result that 

(—l) fc [log d^x)]^ < 0 where k > 2 and x is large enough, we give a lower and upper bound 

for the jth derivative of logT(a;), then bound the kth derivative of logT(x) • 4 and the 

jth derivative of log C(a;), and finally consider the asymptotic property of ^Li( log LM )( fc ) 

when x tends to infinity. The main theorem has some applications. By applying an 

analogue to a criterion of Chen, Guo and Wang (see Theorem 2.1 in [3]), we deduce the 

almost infinite log-monotonicity of the sequences — J — , T n and -f^==, respectively. 

y\B 2n \ vu 


This article is organized as follows. In Section 2, we confirm Chen et al.’s conjecture 
completely in the spirit of Zhu’s previous work. In Section 3, we extend Chen et al’s 
conjecture and obtain the almost infinite log-monotonicity of the sequences —^==, T n 


and 


i 


VTk' 
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2 Proof of Chen-Guo-Wang’s conjecture 


This section is devoted to a complete proof of Chen, Guo and Wang’s conjecture. 

Recall that Zhu has used the following theorem due to Alzer [I] , which plays a central 
role in his proof. 

Theorem 2.1 (Alzer |1]) (%) The function 

G 0 (x ) = — logT(x) + (x — 1/2) logo: — x + log y/2n H—— (2.1) 

12a; 

is strictly completely monotonic on (0, oo). 

(ii) The function 


F 0 ( x ) = log T (x) — (x — 1/2) log x + x — log \/2t: 
is strictly completely monotonic on (0, oo). 


( 2 . 2 ) 


As indicated in (12], the following inequalities can be easily deduced from Alzer’s result: 
(x — 1/2) logx — x + log VTk < logT(x) < (x — 1/2) logx — x + log VTk + —, (2.3) 

JL Zj .1 


logx - < (logT(x))' < logx - , 


(2.4) 


l l / , T-, / \\ ff ill 

- + S 2 <(1 ° gF W ) <^ + ^2 + 6^' 


(2.5) 


To confirm Conjecture 11.21 besides more precise inequalities, we need two lemmas. 
The first one slightly refines Lemma 3.2 in [T2j. The second one is well known, see 
Andrews, Askey and Roy [21 PP-3]. 


Lemma 2.2 Let ((x ) = A. be the Riemann zeta function. Then for x > 5, 

w x 1-5 

1<C(^)<1 + —■ 


( 2 . 6 ) 


Proof. The left hand is obvious. Now we will prove the right hand. Note that 


+ 


+ 


£( x ) 1 + 2 X + 3 X V 1 + (|)* ' (f) 1 ' (f)^ 


11 /II 

< H-1-3 ■ ( H-1-h 

2 X 3 X V 2 X 3 X 


+ 
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So we have 



1 

3 X-i 


COr). 


1 + 


C(*)<i+3^rfr 


and we only suffice to show that 


1 + 


2 X 


< 


1.5 


3 X_1 - 1 2 X ’ 

that is 2 X+1 + 3 < 3 X_1 , which holds when x > 5. The proof is complete. 


Lemma 2.3 T(x + 1) = xT(;c). 

We are ready to give a proof of Conjecture 11.21 

Theorem 2.4 The function 6(x) = y/2((x)T(x + 1) is log-concave when x G (6, cx)). 

Proof. We prove the theorem by refining the technique of Zhu [12]. To prove Conjecture 
m we only suffice to show that for x G (6, oo), 

(log V2C(*)r(x + i))" < o, 

that is to show that for x G (6, oo), there holds 


log2 + logC(a:) + logT(x + 1)\ /log2\ /logC(^)\ /logT(a; + l) 


x 


+ 


+ 


Since 


x J V x ) \ x 


log 2 \ 2 log 2 


< 0. 


X x° 


we have 


x 


log2\ 

x J 


= 2log2 = 1.386-■■ . 


(2.7) 


By computation, 

TogC(z) 


x 


(1 ° gC(;r)) + 2(logC(x))' (— J + log CM 

X \X J 


X 
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( 2 . 8 ) 


C(z) C(x) - C(x) 1 2 ((x) , 1 

1 ' \,\2 - 2 fTT + 2 log C (x) ■ — 

C(x) X X 2 Q[x) X 6 


" 1 , oKW I , 21ogC(a:) 


< C(z) -- + 2^^ + 


x 


x z 


x° 


According to Lemma 12.21 noted that 1 + is decreasing and 1 + -yr < 1.047, we 
have that for x > 5, £(#) G (1,1.047). It is easy to get that logo: — y/x is increasing 
when x G [1,1.047], then 

logC(x) - < log 1.047 - Vl.047 < -0.977. 


Thus 


log C(x) < y/CM - 0.977 < ^1 + ^ - 0.977. 
By Lemma [2.21 we have 


(2.9) 




1.5 

— Ox— 1' 


( 2 . 10 ) 


n>2 


n>2 


and 


K(hi = E^<E^r = ca-i)-i<4G 


n> 2 


( 2 . 11 ) 


n> 2 


So putting inequalities (12.101) . (12.lip and (12.9p into (12.81) . respectively, by Lemma [27 
we have 


x 


/logCOr) 

\ x 


< Pr + -^r + 2( Jl + i# - 0.977) 


2? 


( 2 . 12 ) 


Dehne 


1.5 


fo(x) = j-(x 2 + V2x). 


By derivation, we can get 


f'o(x) = - — (log2 - x 2 + (\/2 log 2 — 2)x - V2) < 0 
for x > 3. Together with (12.121) and (12.131) . we know 


(2.13) 


X' 


log C ( 

\ X 


</o(6) + 2| A /1 + - 0-977 ) = 2.1545 • • • 


(2.14) 
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when x G (6, oo). Furthermore, we have 


^ iogr(.x+ i) y 


logx^ f logT(x) 


X 


V x 


where 


Note that 


logx 


x 


3 2 logx 


x 3 x 3 


(2.15) 


/ iogr(i) \" _ (iogr(i))" 2(iogr(s))' | 2logr(j-) 

\ X ) X X 2 X 3 


Applying inequalities (12.3ft . (I2.4[) and (I2.5[) to the terms (logr(x))", (logr(x)y and 
logr(x) in (12.161) . respectively, we obtain 


/ iogr(x) 

V x 


< 


1 /1 


+ + 7TT J - -7 ( l °g x - - 


x \x 2x 2 6x 3 / x 2 

2 / x 

H—r (x — log x — x + log V2tt + 
x 3 \ 2 

1 3 log x log 27 t 1 

x 2 2x 3 x 3 + x 3 2x 4 


2x 12x 2 
1 


12x 


,,2 Orr 3 rf. 3 J.3 

Combining (12.15j) and (12. 1 7j) . by Lemma [2.21 we have 
/log T(x + 1) 

V x 

Furthermore, we have 


(2.17) 


1 3 logx log 27 t 1 

<- o - ^7 + “V + + 


X^ 


2x 3 


x J 


x J 


2x 4 ' 


X 


iogr(x + 1 ) 


X 


3 1 

< —x + logx-1-h log 27T. 

2 2x 


Define 


3 1 

fi (x) = -x + logx _ 2 + 2x + log27r - 


Since the derivation 


/;(*) = - l + l- 1 


x 2x 2 2x 2 


(2x 2 - 2x + 1) < 0, 


we obtain 

3 / 'logr(x + 1) 


x 


< /i(6) = -6 + log6 - l ^ + log2vr = -3.787 ■ • •. (2.18) 

x / 2 12 


By (12.71) . (12.141) and (12.181) . we can obtain 

log 2 + log C(x) + logT(x + 1) 


x 


< -0.2465 < 0. 


The proof is complete. 
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3 An extension of Chen et al.’s conjecture and ap¬ 
plications 


In this section, we extend Chen et al.’s conjecture. By proving that (—l) fc [log#(:r)]( fc ) < 0 
when k > 2 and x is large enough, we prove the almost infinitely log-monotonic property 
of three sequences, including — 7 ==, T n and -^==. Our main theorem of this section is 

the following. 

Theorem 3.1 Let 0(x) = ^/2((x)T(x + 1). Then there holds (—l) fc [log 0(x)]^ < 0, 
where k >2 and x is large enough. 

To prove Theorem 13.11 we need several lemmas. The first two lemmas are quite easy, 
so we only give the proof of Lemma 13.41 


Lemma 3.2 For j > 1, 


log x 


X 


(j) 


(-ir‘WE L 1 logI 


. i =1 


i xi +1 xi +1 


(3,1) 


Lemma 3.3 (%) For even j > 2, x G (0, 00 ), 

1 1 


0 <j\ 


2 jx* 

(ii) For odd j > 3, x G (0, 00 ) , 

1 11 


< [logT(x)]^ < j\ 


j ( j — 1 )xi~ 1 2 jxi 12xJ +x 


• (3-2) 




j(j — l)x J_1 2 jxi 12ah +1 


< [logT(x)]k") < — j\ 


j(j-l)x j ~ l 2jxJ 


< 0.(3.3) 


Lemma 3.4 (%) For even k > 2, 


l\ {k) k' 


X log X log 71 | 1 

k 2 + ~~2 


lyl k+l\ 
+ 2^i + \2x j 

t=i / 


(ii) For odd k > 3, 


1\ 


(fc) 


logT(x) • — > 

x J 


k\ 


X 


k+1 1 fc 


X log X log 71 1 v-^ 1 k+1 

—- + —- + - > - + 

9 9 9 ; 


2 — z 
2=1 


12x 


(3.4) 


(3.5) 
























Proof, (i) By Lebniz formula, 


(lagrun ■ (j = yj (() (logr(a:)) <J> 


-) 


(k-j) 


Let k be an even integer and k > 2. The cases of j — 0 and j — 1 can be easily obtained 
from (12.31) and (12.4[) . respectively. Now we consider the case when 2 < j < k. If j is 
even, we have 


(I)M = ( j)fc-j ( fc -j) ! = ( fc -^') ! > o. 


X 


•fe— j+l j+1 


By (13.11) . we see that 


0 < [log r(*)]« < j\ J ■ 


So 


^(iogr(g))«i>(i)<*-»i 


< 


k\ 


1 \ (k-j)\ 


j\(k — j)\j \j{j — l)xi~ x 2 jxi 12x^ +1 J 


x 


fc! 


x k+1 \j(j — 1) 2j 12x 


1 1 
+ — + 


If j is odd, we have 


' i \ ( fc -i) 

x) 


- ) = = hAhl < o. 


CC ^—,7' ~1— 1 CC^ —,7'H-l 

By (E2D, we get 

., / 1 1 1 

^ \j(j — l)xi~ l 2 jxi 12x- ?+1 

So (13.61) also holds in this case. Now we obtain 


< 


[logT(x)] (i) < 0. 


(3.6) 


gGVwpgr 

< logr(g) ■ (-i) ft fc!-L- r + niogr(x))' • (-i)‘- 1 2-2i: 

00 00 

k\ f x 1 1 \ 

+ 2-s x k +1 y _ i) + 2 j + i2x) 

< ^((*-V^iogx-x + iogv^+^J +kl ^(- xlogx + l + f^ 
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+k\ 


k\ 


1\ lAl k — 1 

'"I I + ^7 


2 ^ j 12a 

3 =2 J 


x log x log 27 t 1 1 k + 1 

a fc+1 l k 2 + 2 + 2 ^ 7 + 12a 

\ j=i J 

(ii) The case of odd A; when k > 3 is similar, we omit the proof. 


Lemma 3.5 Let k > 2 be an integer and 0 < j < k. If k is even, then 

1.5 


(-l) fc -Mog^COr) < 


j 5 

2 x ~2 


If k is odd, then 


0 > (—l) fc J log''' c,(.r) > 


1.5 


2 x ~i 


(3.7) 


(3,8) 


Proof. First assume that k is even. Recall that 

C\x) _^A(n 


C(z 


n= 1 


rr 


where A(n) is the von Mangoldt function, see [2j pp.122]. So if j > 1 then 

Nfc V" AfaXlogn)*" 1 


(-i)‘-Mo g WcW = (-i)‘E 

71=2 


rr 


< 


E 

71=2 


(logn) J 


rr 


Since log a; < \fx — 1 when x G [1, oo), (13.9ft and Lemma [2721 imply that 

°° 1 1 E. 

(-i)‘-uo g «cw < E — < ' 


71=2 


n x ~f 2 x "2 


If j = 0, then (—l) fc logC(^) < C(^) < by Lemma 12.21 

The case when k is odd can be proved similarly. We omit the details. 


(3.9) 


Lemma 3.6 For any k >2, 


x 


k+1 


/logCOr) 


k\ V x 


(k) 


= o(l) 


(3.10) 
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Proof. If k is even, then we have 


x 


k +1 


(\og((x)\ {k) 


V x 


> 0 


and 


/ logC(^) V A) 


V x 




£ why: 


< 




1 1.5 


3=0 

k\ 

oc^~ i~i 


j\ 2, x ~i j+i 




(3,11) 


(3.12) 


where (13.lip holds by Lemma 13.51 and (I3.12p holds by considering the equality e = 
o jt- Similarly, if k > 3 and k is odd, then we have 


1 i ( \[2x) k < x fc+1 /logC(x)\^ ^ 


fc+i 


X 1 


k\ \ x 


Note that 


So 


(V2z) 


lim k\ ■ 1.5e • 

X —^OO 2 


= 0. 


li+ . y 121M V 41 = o(1) . 


Now we give a proof of Theorem 13.11 
Proof of Theorem 13.11 If k is even, then 

(-l) fe x fc+1 [log0(x)p 


= x k+1 


log 2 


(fc) 


+ ( log CO) \ (fc) + f log r(x + i) \ 

X J \ X J \ X J 


(*)' 


fc 1 1 fc 1 

lxl \ - 1 


< k\ ( log2 + o(l) + log x - | Tlogx/E - + 1 

3=1 j Z 3=1 J 


2 12x 
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Define 



1 1 x 3 log 2 log 7r k + 1 

2^7 ~ k + 2 + 2 + 12x 

j=i J 



f( k fi = !^-lV---+ 31og2 | log7r | k + 1 

’ ’ 2 2^-jfc + 2 + 2 + 

3 =1 


12x 


For a given k, 


df 1 1 k + 1 12a; 2 — 6kx + k 2 + 1 


dx 2x k 12x 2 


12 kx 2 


< 0. 


So we have that 


i=i J 


36 k 


log 3 _ J_ _ 3 log 2 logTr 11 

2 2fc 2 2 + 36 + 36fc 


17 


36fc 


0.8108.. 


Hence (—l) fc o; fe+1 [log #(o;)]l fe ) < 0 when x is large enough. 
If k is odd, then 

x k+1 [\ogd(x)] {k) 


= X 


k +1 


log 2 


X 


(k) 


+ 


ZiogCOr) 

\ X 


(k) 


+ 


^ i°g r(x +1) ^ 


(fc) N 


k k 

lxl \ - 1 


> k\ - log 2 + o(l) - log x + - + - - - - - log vThr + 

' J k 2j^j 


log x k + 1 
~~2 12^ 


= h\ i + 1 v - + - - 3l0g2 _ _ h±l + od) 

2 2 f^j k 2 2 12x ' ' 


— k\(-f(k,x) + o( 1)). 


As revealed in the above, we have —f(k, x) + o(l) > 0 when k is odd. So we can see that 
when k is odd and x is large enough, (—l) fc a; fc+1 [log 6(x)] ( ' k ' ) < 0. 

Hence (—l) fc a; fc+1 [log0(a;)]l fc l < 0 when x is large enough. I 

It is obviously that Theorem 13.11 has the following immediate corollary. 


12 
































Corollary 3.7 The function 0 1 (x) = — , 1 = is almost completely loq-monotonic. 

J J W ^/ 2 C(x)r(o;+l) y y y 

In [3], Chen et ah proved the following useful theorem. 

Theorem 3.8 Assume that f(x) is a function such that [log/(a;)]" is completely mono¬ 
tonic for x > 1. Let a n = f(n ) for n > 1. Then the sequence {a n } n >i is infinitely 
log-monotonic. 

Moreover, one could get the following result on almost infinitely log-monotonic se¬ 
quences. To ensure the integrity of this paper, we include all the details here, which is 
similar to the proof of Theorem 2.1 in |3]. 

Theorem 3.9 Assume that f(x) is a function such that [log f{x))" is almost completely 
monotonic. Let a n = f(n ) for n > 1. Then the sequence {a n } n >i is almost infinitely 
log-monotonic. 

Proof. We give the proof step by step as in [3] Theorem 2.1], Let b U)0 = a n and 
K,i +1 = K+ 1 ,i/b n ,i- Set fo(x) = f(x), and define the functions fi(x), f 2 (x) ■ ■ ■ by the 
relation 


fi(x + 1) 

fi+i( x ) = • I 3 - 13 ) 

Since b Uti = fi(n) for any i > 0 and n > 1, we shall show that for j > 0, k > 2 and 
enough large x , 


(-l) fc [log/ 2j (x)]« >0, (3.14) 

and 

(-l) k [logf 2j+1 (x)]W <0. (3.15) 

We prove it by induction on j. Since [log f(x)]" is almost completely monotonic, we see 
that for k > 2 and enough large x, 

(-l)‘[log/(x)] W >0, (3.16) 

that is (I3.14p holds for j = 0. The inequality (13. 16jl reveals that for k > 1 and enough 
large x, 


(-l)‘[log/(i)] ( ‘ +1) < 0. 


(3.17) 


Because of fi(x) = f(x + 1 )/f(x), by (13.171) we see that for k > 2 and enough large x, 


(-l) i [log/i(i)]<‘ ) = (-l)‘[log/(x+l)]<‘> - (-l)‘[log/W]W < 0. 
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Thus (I3.15P is true for j — 0. 


We now assume that (13. 14[) and (13.15[) for j > n — 1. We are faced to show that 
(I3.14p and (I3.15P for j = n. From the induction hypothesis (I3.15P we see that for k > 2 
and enough large x, 

(-l)*[log/ a ,(i)]<*> = (-l) t [log/ 2 „_,U+ !)](*> - (-l) l [log/ 2 „_ 1 (U] ( ‘ ) > o. 


So (13. lip holds for j = n. Similarly, it can be shown that for k > 2 and enough large x, 


(-l) fc [log/ 2n+1 (x)]«>0, 


that is, (I3.15P holds for j = n. 

Combining (13.14p and fl3.15p . we conclude that for any i > 0, the sequence {f 2 i(n)} n >i 
is log-convex and the sequence {/ 2 i+i(^)}n>i is log-concave for enough large n, which 
completes the proof. I 


As a byproduct, we can obtain the almost infinite log-monotonicity of the sequence 
• 

n> 1 




Corollary 3.10 The sequence 




is almost infinitely log-monotonic. 


n> 1 


Proof. Recall that 


Set 


f/B. 


= A7T z d-\2n). 


2 n 


y(x) = 4:TT 2 6 2 (2x). 

So we have yin) = n rfi— . Since for k > 2 and x > 1, 

(log y(x)Y k) = —2(log 0{2x)Y k \ 

we see that (—l) fc (log?/(a;))^^ > 0 for k > 2 and x is large enough. Then [log?/(a;)] , 


is almost completely monotonic. Thus the sequence < — / > is almost infinitely 

log-monotonic by Theorem 13.91 I 

We also study the almost infinitely log-monotonic property of sequences involving 
tangent numbers. 


Theorem 3.11 The sequence T n is almost infinitely log-monotonic. 
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Proof. As in [3], set 


zlx) = 


2((2x)T(2x + 1) 


(2< 


2x 


where £(x) is the zeta function and T(x) is the Gamma function. Let 

(4* - 1)4* 


t(x) = z(x) 


2x 


Then note that t(n) = T n . For k > 2, 

(log t(x))M = (l 0 g^(a;)) (A:) + (log(4 x - 1))W + ^~ 1 ^. ~ ^ ! - 

In [3], Chen, Guo and Wang have proved that (—l) ft (logz(:r))( fc ) > 0. 

In the following, we will give a useful estimate about (log(4 x — 1))W, which can be 
proved by induction and simple computation. We omit the details. 

Claim. For k > 2, x 0, 

i(i^-irPE (los [ f', 1) ’ 


Note that 


(-1)‘ ■ ( (log(4* - !))<*> + 


(-1 ) k (k - 1)! 


or 


(k — 1)! A (log4) fc (fc-1)! 
> ’ ^ ( 4 X - l) i 


x n 


i —1 


> ( fe — i)i 14_ _ ('°g 4 ' j ) t 

V ) l x k 4 X — 2 


> 0 


when x is largely enough, where the last inequality holds since the simple fact that 

lim = 0. 

x —^oo 4 X — 2 

Thus, (—l) fc (logt(x))( k ) > 0 when x is large enough. By Theorem 13.91 the proof is 
complete. I 


Theorem 3.12 The sequence {-FrL=}n>i is almost infinitely log-monotonic. 

V -I- n — 
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Proof. Recall that 


9(x) = ^2C(z)r(x + l), 

where ((x) = “¥ is the Riemann zeta function and T(x) is the Gamma function. 

Now we obtain 


and 


vWn [ = 


tt z V 2n 


Thus for k > 2, 


(fc) 


log 




a; 




By Theorem 13.11 for any integer k and large enough x, 

(—l) fc (log6 ,_1 (2a:)) (fc) > 0. 
Furthermore, by induction, one can obtain 

(—l) fc+1 (log(4 3: - l)) (fc) > 0. 

Thus, we get 

/log(4 x - l) x {k) 


(- 1 ) 


fc+i 


V x 


£ f A ')(-l)‘ +1 (log(4' - l))l , >(-l) 2 ' t -‘>(fc - 

„ \ X J 00 


i=0 

k 


_ ^ U 1 

i =0 


> 0. 


Furthermore, 


■i y 


log2 N \^ ) log2-fc! 


x 


x 


fc+i 


and by Lemma 13.11 


-1)' 


logx\ (fc) k\ 


X X' 


fc +1 


logx — - j > 0. 


2—1 
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The above inequality is true because we could choose x which is larger than log k + 7 , 
where 7 is Euler-Mascheroni constant. 

/ \ ( fc ) 


Thus (—l) fe 


log 




> 0 when x is large enough, which completes the proof. I 


Remark. Sun[ 8 ] conjectured that y/T(n) is strictly log-concave (see Sun | 8 j Conjec¬ 
ture 3.5]), and this conjecture was confirmed by Luca and Stanica [ 6 ], and Zhu [12], 
independently, by different methods. Our Theorem 13.11 can be seen as an extension of 
Sun’s conjecture in some sense. 


Added Note. This paper is an extended version of arXiv:1508.01793, which includes 
a complete proof of Chen et al.’s conjecture (submitted on 3 Aug 2015). 
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